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Abstract
We examine the possibility of localized propagating tachyonic fields within a properly
extended relativity. A possible extension is to include superluminal transformations and
reference frames. This leads to complex 4D spacetime, or real 8D spacetime M4,4. The
mass shell constraint in M4,4 becomes, after first quantization, the ultrahyperbolic Klein-
Gordon equation. The Cauchy problem for such equation is not well posed, because it
is not possible to freely specify initial data on a 7D hypersurface of M4,4. We explicitly
demonstrate that it is possible to do it on a space-like 4-surface for bradyons, and on a
time-like 4-surface for tachyons. But then the evolution of a bradyonic field into the four
time-like directions, or the “evolution” of a tachyonic field into the four space-like directions,
is not uniquely determined. We argue that this is perhaps no so bad, because in quantum
field theory (after second quantization) the classical trajectories of fields are not determined
anyway, and so it does not matter, if they are not completely determined already in the first
quantized theory. A next possible extension of relativity is to consider 16D Clifford space,
C, a space whose elements are oriented r-volumes, r = 0, 1, 2, 3, 4 of real 4D spacetime.
Then the evolution parameter can be associated with an extra light-cone coordinate, e.g.,
with the sum of the scalar and the pseudoscalar coordinate, and initial data can be given on
a light-like hypersurface, in which case the Cauchy problem is well posed. This procedure
brings us to the Stueckelberg theory which contains localized propagating tachyons in 4D
spacetime.
Keywords: Tachyons, extra dimensions, Clifford space, Clifford algebras, Stueckelberg
theory, tachyonic Dirac equation, ultrahyperbolic field equations, localizability, Cauchy
problem, Causality, Everett interpretation
1 Introduction
Recent experimental results [1] have revived the interest in superluminal particles, the so
called tachyons. Later, an error was found in that experiment, but this fact itself does
not exclude the possibility of the existence of tachyons (to be eventually detected in some
other experiment), because the theory of relativity can be suitably adapted or extended
so to admit such particles [2]–[9]. The possibility of superluminal electromagnetic waves
was considered in Ref. [10]. But nowadays, it is commonly accepted that tachyonic fields
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do not propagate with superluminal speeds [11, 12], because it is not possible to localize
them on a given hypersurface in the 4-dimensional spacetime, M1,3. Thus, the Cauchy
data for such fields cannot be specified. Usually, by “tachyonic field” is understood a field
that satisfies, e.g., the Klein-Gordon equation with the opposite sign of mass square. But
according to the extended relativity [6]–[9] that takes into account not only the subluminal,
but also the superluminal Lorentz transformations, the latter fields are not true tachyonic
fields. Namely, under a superluminal boost in the x1-direction, the coordinates x2, x3
and momenta p2, p3 become imaginary, and the Klein-Gordon equation transforms into
an equation that has the same form as the original equation, in which x0 and x1 are
interchanged. The hypersurface, on which “initial” data can be specified, is now a time-like
hypersurface x1 = constant. If we keep the definition of velocity as the derivative of the
coordinate with respect to x0, then the group velocity of the field is given by the derivative
of p0 with respect to p1, and it is greater than the velocity of light. Such a field is the true
tachyonic field. It can be obtained from a bradyonic field by a superluminal transformation.
The fields that satisfy the Klein-Gordon equation in M1,3, with the opposite mass square,
cannot be obtained from the bradyonic fields by a superluminal transformation. Therefore,
they are not the tachyonic fields of the extended relativity, but are completely different
objects that, according to extended relativity, have nothing to do with tachyons. Only the
fields that can be obtained from the bradyonic fields by a superluminal transformations can
be treated as true tachyonic fields.
The imaginary unit occurring in superluminal transformations (SLT) imply that space-
time is a complex space, M1,3 × C. We can avoid1 imaginary coordinates, if instead of the
4D complex spacetime we use the real 8D spacetime M4,4. The Klein-Gordon equation in
such 8D spacetime is ultrahyperbolic, and it describes bradyons and tachyons, depending
on the sign of the squared mass. Regardless of whether the field is bradyonic or tachyonic,
the Cauchy problem is not well posed, because no space-like or time-like 7D hypersurface
exist on which the initial data can be arbitrarily specified. We show explicitly how the
initial data can be arbitrarily chosen on lower dimensional space-like or time-like surfaces2
of dimensionality 4, and point out that this could perhaps be sufficient for a consistent
physics of bradyonic and tachyonic fields in M4,4.
Another possibility is to consider a space of even higher dimensionality, and take initial
data on suitable light-like hypersurfaces in such space. It is well-known [17] that the Cauchy
problem for ultrahyperbolic equations is well posed on light-like hypersurfaces. If the lat-
ter hypersurfaces are orthogonal to our spacetime M1,3, then we arrive at the generalized
1In some literature (see for example [13]–[16]), imaginary coordinates, occurring in superluminal
transformations, are avoided by considering a 6-dimensional spacetime, M3,3, with 3 time-like and
3 space-like dimensions. Then, under a SLT in the x1-direction, the space-like coordinates x2, x3
transform into the time-like coordinates t2, t3, and vice versa.
2Such a 4D time-like surface in M4,4, for a fixed extra coordinate, corresponds to the time-like
3D hyperfurface, x1 = constant, mentioned in the previous paragraph.
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Stueckelberg equation with a parameter τ that is invariant under the Lorentz transforma-
tions in M1,3. A Stueckelberg field ψ(τ, x
µ, extra coordinates), µ = 0, 1, 2, 3, contains not
only bradyons, but also tachyons, because it can be decomposed into components with the
4-momenta pµ that are not constrained, and so both signs of p
µpµ are allowed.
We consider a specific choice for a higher dimensional space, namely the 16D Clifford
space, C, that has been extensively discussed in the literature [18]–[28]. C is a manifold
whose tangent space at any of its points is the Clifford algebra Cl(1, 3) of the spacetime
M1,3. Mathematically, C is the space of oriented r-volumes, r = 0, 1, 2, 3, 4. Physically, it
can be interpreted as a configuration space, associated with extended objects living in 4D
spacetime. In this paper we point out, how the Clifford space C leads to the Stueckelberg
theory, and thus to a consistent theory of tachyons. We also consider the generalized
Dirac equation in C, and show that it contains, as particular cases, the tachyonic Dirac
equation by Chodos et al. [29], and the bradyonic and tachyonic Dirac equations considered
in Ref. [30]. Many other important features of Clifford space, such as description of spinors,
Kaluza-Klein theories, possible unification of interaction, etc., have already been described
in Refs. [18]–[28].
2 The extended relativity and superluminal trans-
formations in M1,3
Special relativity can be extended [6]–[9] so to incorporate slower and faster than light
particles, the so called bradyons, B, and tachyons, T , and the superluminal transformations,
SLT, that transform B into T , and vice versa. In a given reference frame, S, a particle
is observed as a bradyon, if its velocity is v < c, and as a tachyon, if v > c. Under a
superluminal transformation, the reference frame S transforms into S′. A particle that has
v < c in S, is observed in S′ to have v > c, and vice versa. Whether a particle is bradyon
or tachyon depends on the reference frame from which it is observed. Subluminal Lorentz
transformations preserve the quadratic form ds2 = ηµνdx
µdxν , so that ds′2 = ds2. On the
contrary, superluminal Lorentz transformations change the sign of ds2, so that ds′2 = −ds2.
For the Minkowski metric tensor we take ηµν = diag(1,−1,−1,−1).
A superluminal transformation in the x-direction, of a position 4-vector xµ ≡ (t, x, y, z),
µ = 0, 1, 2, 3, is [6]–[9]
t′ =
t+ vx√
v2 − 1 , x
′ =
vt+ x√
v2 − 1 , y
′ = iy , z′ = iz (1)
It satisfies dt′2 − dx′2 − dy′2 − dz′2 = −(dt2 − dx2 − dy2 − dz2). An imaginary unit i
occurs in the transformation of y and z, otherwise the quadratic form could not change its
sign. While transformations among subluminal reference frames can be formulated without
reference to complex numbers, this is not the case for transformations between subluminal
and superluminal reference frames.
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It has been shown in Refs. [6]–[8] that under a superluminal Lorentz transformation,
the velocity addition formula remains the same as in the case of a subluminal Lorentz
transformations. From (1) we have
dx′
dt′
≡ u′ = v + u
1 + vu
, u ≡ dx
dt
(2)
which is the same equation that comes out from a subluminal Lorentz transformation.
Here u is an object’s velocity observed in S, and u′ the velocity observed in S′, whereas
v is the relative velocity between S and S′. In Eq. (2) one can plug whatever velocities
v ∈ (−∞,∞), u ∈ (−∞,∞). As result one obtains a corresponding velocity u′, that can
be either subluminal or superluminal. The case with v ∈ (−1, 1) and u ∈ (1, 3) has been
illustrated3 in Fig. 1 of Ref. [31], where a 2D plot shows that the superluminal velocity u,
observed in S, remains superluminal upon transformation with a subluminal velocity v from
a frame S into a frame S′.
The transformations, analogous to (1), hold for the 4-momentum pµ = (p0, p1, p2, p3) ≡
(pt, px, py, pz). The component p
0 ≡ pt ≡ E is a particle’s energy. Under a SLT we have
p′µp′µ = −pµpµ (3)
If a particle is bradyon in S′, then it satisfies the mass shell constraint
p′µp′µ = m
2 (4)
Under a SLT, this becomes
− pµpµ = m2 (5)
Here the proper mass, m, is assumed to be invariant under SLT. More explicitly, a bradyon
in S′, with the momentum (p′0, p′1, p′2, p′3), satisfies the mass shell constraint
(p′0)2 − (p′1)2 − (p′2)2 − (p′3)2 = m2 (6)
Here p′0, p′1, p′2, p′3 are all real. The same particle is observed in S as a tachyon with
momentum (p0, p1, p2, p3), satisfying the transformed mass shell constraint
− (p0)2 + (p1)2 + (p2)2 + (p3)2 = m2. (7)
Assuming that S and S′ are related by the superluminal transformation (1), we have
that p0, p1 are real, while p2, and p3 are imaginary. Written in terms of real quantities,
p˜2 = ip2, p˜3 = ip3, Eq. (7) reads
(p1)2 − (p0)2 − (p˜2)2 − (p˜3)2 = m2. (8)
This is just like the usual, bradyonic, mass shell constraint, in which p0 and p1 are in-
terchanged. This fact has to be taken into account when considering the Klein-Gordon
3 Here the meaning of u and v is interchanged.
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equation for tachyons. Now p1 has the same role as p0 has in the bradyonic case. In other
words, the role of energy is now played by p1 ≡ px:
px = ±
√
m2 + p2t + p˜
2
y + p˜
2
z, (9)
where p˜y ≡ p˜2, p˜z ≡ p˜3.
The Klein-Gordon equation in the reference frame S′ is obtained from the constraint
(6), in which we replace momenta with the operators p′µ = −i∂′µ, where ∂′µ ≡ ∂/∂x′µ:
(−∂′µ∂′µ −m2)φ′(x′) = 0. (10)
A particular solution is
φ′(x′) = eip
′
µx
′µ
= ei(p
′
tt
′−p′xx
′−p′yy
′−p′zz
′). (11)
Under a SLT, we have
φ′(x′) = φ(x) = e−ipµx
µ
= e−i(ptt−pxx−pyy−pzz) = e−i(ptt−pxx+p˜y y˜+p˜z z˜) (12)
In the last step we have taken into account that py, pz, y, z are imaginary, and expressed
them in terms of the real quantities p˜y = ipy, p˜z = ipz, y˜ = iy, z˜ = iz.
In the reference frame S we have the Klein-Gordon equation, obtained from the con-
straint (7), which is equivalent to the constraint (8):
(∂µ∂
µ −m2)φ(x) =
(
∂2
∂t2
− ∂
2
∂x2
− ∂
2
∂y2
− ∂
2
∂z2
−m2
)
φ(t, x, y, z)
=
(
∂2
∂t2
− ∂
2
∂x2
+
∂2
∂y˜2
+
∂2
∂z˜2
−m2
)
φ(t, x, y˜, z˜) = 0. (13)
From the mathematical point of view, this is just like the usual Klein-Gordon equation,
with t and x interchanged. A particular solution of the latter equation is (12).
A general solution is
φ =
∫
dpt dpx dp˜y dp˜z c(pt, px, p˜y, p˜z)e
i(pxx−ptt−p˜y y˜−p˜z z˜)δ(p2x − p2t − p˜2y − p˜2z −m2), (14)
where c(pt, px, p˜y, p˜z) is a function of its arguments, restricted to the mass shell. Introducing
ωx =
∣∣∣√m2 + p2t + p˜2y + p˜2z∣∣∣, and integrating over px = ±ωx, we obtain
φ =
∫
dpt dp˜y dp˜z
1
2piωx
[
ei(ωxx−ptt−p˜y y˜−p˜z z˜)c(ωx, pt, p˜y, p˜z)
+ ei(−ωxx−ptt−p˜y y˜−p˜z z˜)c(−ωx, pt, p˜y, p˜z)
]
(15)
The “initial” data can be given on a surface x = x0 = constant. The latter surface is time-
like, and is spanned by coordinates (t, y˜, z˜). Specifying “initial” data on a hypersurface
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x = x0, one can calculate the field φ at other hypersurfaces, with different values of x. That
a Cauchy surface for space-like states must be time-like, was discussed in Ref. [11, 32], but
without employing superluminal transformations, and in Ref. [33, 34], within the framework
of 2-dimensional spacetime.
Let us now investigate how does move the wave packet that satisfied the Klein-Gordon
equation. For this purpose it is convenient to consider the nonrelativistic approximation
to the Klein-Gordon equation. Writing a solution of Eq. (10) as φ′ = e−imt
′
ψ′(t′,x′), and
substituting it into Eq. (10), we obtain [35]
− 1
2m
∂2ψ′
∂t′2
+ i
∂ψ′
∂t′
= − 1
2m
∇′2ψ′. (16)
In the nonrelativistic limit we can neglect the first term, and we obtain the Schro¨dinger
equation
i
∂ψ′
∂t′
= − 1
2m
∇′2ψ′. (17)
A solution to the latter equation is a Gaussian wave packet, whose square is
|ψ′|2 ∝ exp
[
−(x
′ − p′0m t′)2
σ′(t′)
]
(18)
where σ′(t′) = σ′0 + t
′2/(m2σ′0). The probability density is maximal on the classical tra-
jectory x′ = (p′0/m)t
′ with velocity v′ = p′0/m, |v′| < c = 1. We have verified that the
Klein-Gordon Eq. (10) in the reference frame S′ describes a field, propagating with a slower
than light velocity v′ (Fig. 1a).
The same procedure can be repeated for the Klein-Gordon equation (13) that holds in
the reference frame S, and in which t and x are interchanged. Writing φ = e−imxψ, and
substituting this into Eq. (13), we obtain
− 1
2m
∂2ψ
∂x2
+ i
∂ψ
∂x
= − 1
2m
(
∂2
∂t2
+
∂2
∂y˜2
+
∂2
∂z˜2
)
ψ (19)
In the approximation, in which the first term can be neglected, we have
i
∂ψ
∂x
= − 1
2m
(
∂2
∂t2
+
∂2
∂y˜2
+
∂2
∂z˜2
)
ψ (20)
Such equation, but with the x and t variables only, was considered by Vysˇ´ın [33, 34]. A
solution of the Schro¨dinger-like equation (20) is the wave packet whose square is
|ψ|2 ∝ exp
[
−(t−
pt0
m x)
2
σ(x)
− (y˜ −
p˜y0
m x)
2
σ(x)
− (z˜ −
pz˜0
m x)
2
σ(x)
]
, (21)
where σ(x) = σ0 + x
2/(m2σ0). The probability density is now picked on the classical
trajectory, t = pt0m x, y˜ −
p˜y0
m , z˜ − p˜z0m , where pt0/m = dt/dx, p˜y0/m = dy˜/dx, and p˜z0/m =
6
dz˜/dx, |
√
(dt/dx)2 + (dy˜/dx)2 + (dz˜/dx)2| < c = 1. If we keep on considering t as a time
coordinate, then the velocity of the wave packet (21) in the x-direction should be defined
according to vx = dx/dt = m/pt0, where |vx| > 1. The reciprocity between time and space
for bradyons and tachyons was noticed long time ago [9, 36], and localization of tachyons
on the basis of such reciprocity was considered by Viˇsyn [33, 34], [11], and others [37]–[39].
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Figure 1: Examples of bradyonic (a) and tachyonic (b) wave packets.
We see that the wave packet (21) propagates with the superluminal velocity (Fig. 1b).
Because the subluminal wave packet (18) can transmit a signal, so can the wave packet
(21), which is nothing but a superluminal transform of (18).
We illustrated the situation by considering the nonrelativistic wave packet. In the
relativistic case, we can use the dispersion relation (9). We find that
dpx
dpt
=
dt
dx
=
pt√
p2t + p˜
2
y + p˜
2
z +m
2
,
∣∣∣ dt
dx
∣∣∣< c = 1 (22)
gives the reciprocal group velocity of the tachyonic field in the x-direction. It follows that
dx/dt > 1. For simplicity, we now omit the subscript ‘0’, denoting the center of the wave
packet. That a tachyonic field propagates with a superluminal speed directly follows from
the relativistic dispersion relation pt =
√
p2x − p˜2y − p˜2z −m2 that comes from Eq. (8), and
from which we obtain the faster-than-light group velocity
dpt
dpx
=
dx
dt
=
px√
p2x − p˜2y − p˜2z −m2
,
∣∣∣dx
dt
∣∣∣> c = 1 (23)
The nonrelativistic (i.e., very fast moving) tachyon wave packet is localized in time,
and also in space. From Fig. 1b and Eq. (21) we see that the localization width in space
is wide in comparison with that in time. This is a non relativistic approximation. A
relativistic tachyon can be localized only in time, but not in space. The fact that tachyons
are infinitely extended in space, was taken as an argument against the possibility that they
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can transmit information. However, as already observed by Vysˇ´ın [33, 34], it is important
that tachyons form sharp pulses in time. A sequence of such pulses, localized in time, can
encode information. If there is an interaction between tachyons and a bradyonic detector,
then a bradyonic observer B would be able to observe that sequence of pulses, and interpret
it as the information, emitted by another observer A. This is illustrated in Fig. 2.
✲
✻
x
t
T1
T2
T3
p1
p2
p3
A B
①
①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①
①
①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①
①
①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①①
Figure 2: Though the tachyons wave packets are not localized in the x-direction, having no sharp
peaks and leading edges along the x-direction, they can nevertheless transmit information from A
to be B, because they are localized in time. Namely, if tachyons can interact with bradyons, then
the observer A can send a message encoded in a sequence of emitted tachyons, T1, T2, T3, ..., that
are detected by the observer B as a sequence of pulses, p1, p2, p3, ..., at a fixed spatial position.
B can unambiguously interpret such sequence as a message, if both observers had already agreed
about the code.
The solution (14) is the superluminal transform of the general solution of the Klein-
Gordon equation (10) for a bradyonic field in S′. Under a SLT, the bradyonic Klein-
Gordon equation transforms into the tachyonic Klein-Gordon equation. But according to
the principle of relativity, the laws of motion, encrypted in the equations of motion, should
remain unchanged under all transformations that bring one dynamically possible solution
into another dynamically possible solution. According to our assumption, SLT are such
transformations. Therefore, the equations of motion should remain invariant under SLT.
Since Eq. (10) is not invariant, it means that it is not a complete equation, but a part of a
more general equation. In the following we will consider a more general theory which the
Klein-Gordon equation (13) is embedded in. First, we will discuss a generalization of the
classical theory of the relativistic point particle, and then its quantization.
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3 Complex coordinates and momenta, and the
real spacetime M4,4
A superluminal boost (1) contains imaginary quantities. After performing, successively,
a superluminal boost, rotations and a subluminal boost, we will end up with complex
spacetime coordinates and momenta:
Xµ = xµ + ix˜µ , Pµ = pµ + ip˜µ, (24)
with
XµXµ = X
µXνηµν = x
µxµ − x˜µx˜µ + 2ixµx˜µ, (25)
PµPµ = P
µP νηµν = p
µpµ − p˜µp˜µ + 2ipµp˜µ, (26)
Subluminal Lorentz transformations preserve XµXµ, so they preserve x
µxµ − x˜µx˜µ and
xµx˜µ. Superluminal Lorentz transformations change the sign of X
µXµ. A superluminal
boost in the x-direction reads
T ′ =
T + vX√
v2 − 1 , X
′ =
vT +X√
v2 − 1 , Y
′ = iY , Z ′ = iZ, (27)
where v is real. For the real and imaginary components, we have
t′ =
t+ vx√
v2 − 1 , x
′ =
vt+ x√
v2 − 1 , y
′ = −y˜ , z′ = −z˜, (28)
t˜′ =
t˜+ vx˜
v2 − 1 , x˜
′ =
vt˜+ x˜
v2 − 1 , y˜
′ = y , z˜′ = z (29)
Analogous transformations hold for the momentum Pµ. In this setup with complex
coordinates and momenta, the multiplication by i in the SLT (27) means the interchange
of the real and imaginary components.
If in the reference frame S′, the imaginary components are zero, x˜′µ = 0, p˜′µ = 0, then
in S, according to Eqs. (28), (29), we have
y = 0 , z = 0 , y˜ = −y′ , z˜ = −z′ (30)
p2 = 0 , p3 = 0 , p˜2 = −p′ 2 , p˜3 = −p′ 3 (31)
The quadratic forms read
X ′ µX ′µ = x
′µx′µ = t
′ 2 − x′ 2 − y′ 2 − z′ 2
= −t2 + x2 − y′ 2 − z′ 2 = −t2 + x2 − y˜2 − z˜2 (32)
P ′µP ′µ = p
′µp′µ = (p
′ 0)2 − (p′ 1)2 − (p′ 2)2 − (p′ 3)2
= −(p0)2 + (p1)2 − (p′ 2)2 − (p′ 3)2 = −(p0)2 + (p1)2 − (p˜2)2 − (p˜3)2 (33)
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This is precisely the quadratic form of Eq. (8) that we arrived at in Sec. 2. The derivation
through Eqs. (1)–(15) belongs to a special case of a more general theory in which coordinates
and momenta are complex.
Let the momentum constraint in the reference frame S′ be
ReP ′µP ′µ +M
2 = 0 (34)
Assuming real M2, we thus have
p′µp′µ − p˜′µp˜′µ +M2 = 0 (35)
In a reference frame S, related to S′ by the SLT (28),(29), we have
− (p0)2 + (p1)2 + (p2)2 + (p3)2 + (p˜0)2 − (p˜1)2 − (p˜2)2 − (p˜3)2 +M2 = 0, (36)
i.e.,
− pµpµ + p˜µp˜µ +M2 = 0 (37)
Here, again M2 is assumed to be invariant under SLT. It may be positive, or negative:
a) If M2 > 0, then the particle is observed as a tachyon in S′, and as a bradyon in S.
b) If M2 < 0, then the particle is observed as a bradyon in S′, and as a tachyon in S.
Instead of the 4-dimensional complex spacetime M1,3 × C, we can consider the 8-
dimensional real space M4,4 with signature (4, 4).
Upon quantization, the constraint (37) becomes the Klein-Gordon equation:
(∂µ∂µ − ∂˜µ∂˜µ +M2)φ(xµ, x˜µ) = 0, (38)
where ∂˜µ∂˜µ = ∂˜
µ∂˜νηµν , and ∂˜µ ≡ ∂/∂x˜µ.
A general solution of this equation is
φ =
∫
d4p d4p˜ c(p, p˜)ei(pµx
µ−p˜µx˜µ)δ(pµpµ − p˜µp˜µ −M2) (39)
Instead of one, we have now four time-like and four space-like coordinates and momenta:
(x0, x˜1, x˜2, x˜3); (p0, p˜1, p˜2, p˜3) time-like
(x1, x2, x3, x˜0); (p1, p2, p3, p˜0) space-like
In the case of the bradyonic field, M2 > 0, we can proceed as follows. We choose the
time-like component p0 and integrate it out in Eq. (39). Denoting x ≡ (x1, x2, x3), etc., we
obtain:
φ(xµ, x˜µ) =
∫
d3pdp˜0 d3p˜
1
2ω
[
ei(ωx
0−px−p˜0x˜0+p˜x˜)c(ω,p, p˜0, p˜)
+ ei(−ωx
0−px−p˜0x˜0+p˜x˜)c(−ω,p, p˜0, p˜)
]
, (40)
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where
p0 = ±ω , ω = |
√
(p˜0)2 + p2 − p˜2 +M2| (41)
At the (7-dimensional) hypersurface x0 = 0, the initial data φ|x0=0 and (dφ/dx0)|x0=0
cannot be arbitrarily chosen. Because the momenta, assumed to be real, are constrained by
Eq. (41), the expression (40) does not give arbitrary φ|x0=0. Similarly for the x0-derivative
of φ. The Cauchy problem is thus not well posed [40].
This is the notorious property of ultrahyperbolic partial differential equations that in-
volve more than one time-like dimension. Usually, this is considered as a problem, and it is
concluded that ultrahyperbolic equations, such as (38), are not suitable for physics. I think
that the requirement that initial data should be given arbitrarily on a hypersurface (which
in our case is a 7-surface), is an unnecessary restriction on which equations are admissible
in physics. We will discuss this in more detail later. In the case of Eq. (38), the initial
data can be freely specified on the 4-surface, spanned by coordinates (x1, x2, x3, x˜0). This
follows immediately from Eq. (40). Putting x0 = 0, x˜ = 0, we have
φ(0,x, x˜0,0) =
∫
d3pdp˜0 d3p˜
1
2ω
ei(−px−p˜0x˜
0)
[
c(ω,p, p˜0, p˜) + c(−ω,p, p˜0, p˜)]
=
∫ ∞
−∞
d3pdp˜0A(p, p˜0)e−i(px+p˜0x˜
0), (42)
where
A(p, p˜0) =
∫
p˜2≤M2+(p˜0)2+p2
d3p˜
1
2ω
[
c(ω,p, p˜0, p˜) + c(−ω,p, p˜0, p˜)] (43)
The initial data for the derivatives of the field with respect to the time-like coordinates
x0, x˜, are
∂φ(0,x, x˜0,0)
∂x0
=
∫
d3pdp˜0B(p, p˜0)e−i(px+p˜0x˜
0), (44)
∂φ(0,x, x˜0,0)
∂x˜
=
∫
d3pdp˜0C(p, p˜0)e−i(px+p˜0x˜
0), (45)
where
B(p, p˜0) =
∫
p˜2≤M2+(p˜0)2+p2
d3p˜
1
2
[
c(ω,p, p˜0, p˜) + c(−ω,p, p˜0, p˜)
]
, (46)
C(p, p˜0) =
∫
p˜2≤M2+(p˜0)2+p2
d3p˜
p˜
2ω
[
c(ω,p, p˜0, p˜) + c(−ω,p, p˜0, p˜)
]
, (47)
Here p, p˜0 are not restricted, but may have values between −∞, ∞, and A(p, p˜0), B(p, p˜0),
C(p, p˜0) are arbitrary
4 functions of p, p˜0. Therefore, φ(0,x, x˜0,0), ∂φ(0,x, x˜0,0)/∂x0,
∂φ(0,x, x˜0,0)/∂x˜ are arbitrary functions of the space-like coordinates (x, x˜0).
4The functions are arbitrary within the limitation of field theory and quantum mechanics.
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From Eq. (43), (46),(47) we see that the expansion coefficients A(p, p˜0), B(p, p˜0),
C(p, p˜0) are the integrals over the extra time-like momenta p˜ ≡ (p˜1, p˜2, p˜3), and that
they partially determine the expansion coefficients c(ω,p, p˜0, p˜) and c(−ω,p, p˜0, p˜), and
thus give us some, although not complete, information on the behavior of the field outside
the 4-surface on which the initial data are given. Thus, given the initial data (42),(44),(45)
on a space-like 4-surface, the field φ(xµ, x˜µ) is not uniquely determined. This is in conflict
with the requirement that a physical theory should be deterministic. But is it indeed neces-
sary for a physical theory to be deterministic? What about quantum theory? In quantum
theory, behavior of a field is not deterministic. Perhaps ultrahyperbolic field equations
point towards the roots of quantum (field) theory. Since classical field theory, based on an
ultrahyperbolic equation, is not deterministic, it should be supplemented (or replaced) by a
more general theory which takes into account the indeterminism. Such theory is quantum
mechanics. We leave this intriguing point for future investigations.
In particular, if
c(ω,p, p˜0, p˜) = δ3(p˜− p˜c)a(ω,p, p˜0)
c(−ω,p, p˜0, p˜) = δ3(p˜− p˜c)a(−ω,p, p˜0), (48)
where p˜2c ≤M2, then
A(p, p˜0) =
1
2ωp˜c
[
a(ωp˜c ,p, p˜
0) + a(−ωp˜c ,p, p˜0)
]
(49)
B(p, p˜0) =
1
2
[
a(ωp˜c ,p, p˜
0) + a(−ωp˜c ,p, p˜0)
]
(50)
C(p, p˜0) =
p˜c
2ωp˜c
[
a(ωp˜c ,p, p˜
0) + a(−ωp˜c ,p, p˜0)
]
, (51)
where ωp˜c ≡ |
√
(p˜0)2 + p2 − p˜2c +M2|. The form (48) of the expansion coefficients means
that the extra time-like momenta have a fixed definite value p˜ = p˜c. Then we recover the
usual hyperbolic case of one time-like coordinate x0, and momentum p0. In our theory, we
also have an additional extra space like coordinate, x˜0, and an additional component of
momentum, p˜0.
If the expansion coefficients are given by Eq. (48), (49), and M2 − p˜2c > 0, then the
remaining components of momentum, p, p˜0 all have values between −∞ and +∞. The
wave packet (40) has then the form
φ(xµ, x˜µ) = eip˜cx˜
∫
d3pdp˜0
1
2ωp˜c
[
eiωp˜cx
0
a(ωp˜c , p˜
0,p) + e−iωp˜cx
0
a(−ωp˜c , p˜0,p)
]
e−i(px+p˜0x˜
0)
(52)
It can be arbitrarily localized on the surface x0 = 0, x˜ = 0 that is spanned by coordinates
(x1, x2, x3, x˜0), but it is delocalized in the time-like directions (x0, x˜1, x˜2, x˜3) (Fig. 3a).
In the case of the tachyonic field, M2 < 0, the Klein-Gordon equation reads
(∂µ∂µ − ∂˜µ∂˜µ − M˜2)φ˜(xµ, x˜µ) = 0, (53)
12
a)
✲
✻
✠
x˜0
x0, x˜1, x˜2, x˜3
x1, x2, x3
.
...
... .... ..... ..... .....
.....
....
...
...
......
.................................. .. ... ... ... .... .... ... ...
...
..
..
..
..
...
..
..
b)
✲
✻
✠
x1, x2, x3, x˜0
x0
x˜1, x˜2, x˜3
.. . . . . . . . .
. . . . . . .
. . .
. . . . . .
. . . . . .
. . .. ..
. .. . ..
.. .
... ...
... ...
... ..
.
......
......
.....
......
......
...
......
......
.......
...
.........
.........
..........
...........
...........
.. .........
. .. ... ... ..
. . .. .. . .. .
. . . . . . . ..
. . . . . . . .
. . . . . . .
. . . . . .. . . . .. . . . .. . . . . .. . . . . . .
. . . . . . .
.
. . . . . . .
. .
. . .. ..
. .. .
... ...
... ..
... ...
.....
......
.....
......
.....
......
....
......
...
.......
.
....... ...... ..... ..... ......
.......
........
Figure 3: a) A bradyonic field can be localized within a region of the space-like subspace
(x1, x2, x3, x˜0), while being delocalized in the time-like subspace (x0, x˜1, x˜2, x˜3). The field is confined
within an infinitely long cylinder that extends along an (x0, x˜1, x˜2, x˜3)-direction. If the bradyon
moves with a nonvanishing speed, the cylinder is suitably inclined. b) A tachyonic field can be
localized within a region of the time-like subspace (x0, x˜1, x˜2, x˜3), while being delocalized the space-
like subspace (x1, x2, x3, x˜0). The field is now confined within a cylinder that is ”orthogonal” to the
cylinder of Fig. 3a. The case of a tachyon with infinite speed is illustrated. For finite tachyon speed
the cylinder is suitably inclined.
where M˜2 = −M2 > 0. This equation has the same form as Eq. (38), with xµ and x˜µ
interchanged. Therefore, we can repeat the same procedure as before. A general solution
is
φ˜ =
∫
d4p d4p˜ c˜(p, p˜) ei(−pµx
µ+p˜µx˜µ)δ(−pµpµ + p˜µp˜µ − M˜2) (54)
Now we choose a space-like component, e.g., p˜0, and integrate it out. Instead of the solution
(40), we obtain5
φ˜(xµ, x˜µ) =
∫
dp0 d3pd3p˜
1
2ω˜
[
ei(−p0x
0+px+ω˜x˜0−p˜x˜)c˜(p0,p, ω˜, p˜)
+ ei(−p0x
0+px−ω˜x˜0−p˜x˜) c˜(p0,p,−ω˜, p˜)
]
, (55)
where
p˜0 = ±ω˜ , ω˜ = |
√
(p0)2 − p2 + p˜2 + M˜2| (56)
If, instead of p˜0, we integrate out from equation (54) some other space-like component,
e.g., p1 ≡ px, then we obtain an expression, slightly different in form, but mathematically
equivalent to the expression (55):
φ˜(xµ, x˜µ) =
∫
dp0 dp2 dp3 dp˜0 dp˜
1
2ωx
[
ei(−p0+ωxx
1+p2x2+p3x3−p˜0x˜0−p˜x˜)c˜(p0, ωx, p
2, p3, p˜0, p˜)
5 If we choose to integrate out the time-like component p0, then we obtain
φ˜(xµ, x˜µ) =
∫
d3p dp˜0 d3p˜
1
2ω
[
ei(ωx
0−px−p˜0x˜
0+p˜x˜)c˜(ω,p, p˜0, p˜) + ei(−ωx˜
0−px−p˜0x
0+p˜x˜)c˜(−ω,p, p˜0, p˜)
]
,
where p0 = ±ω, and ω = |
√
p2 + (p˜0)2 − p˜2 − M˜2|.
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+ ei(−p0−ωxx
1+p2x2+p3x3−p˜0x˜0−p˜x˜)c˜(p0,−ωx, p2, p3, p˜0, p˜)
]
, (57)
where p1 = ±ωx, ωx =
∣∣∣√(p0)2 − (p2)2 − (p3)2 − (p˜0)2 + (p˜2)2 + (p˜3)2 + M˜2 ∣∣∣
A tachyonic field can be arbitrarily localized on the 4-surface x˜0 = 0, x = 0 that is
spanned by time-like coordinates (x0, x˜1, x˜2, x˜3), but it cannot be localized in the space-like
directions (x1, x2, x3, x˜0) (Fig. 3b).
For the particular choice of expansion coefficients,
c(p0,p,−ω˜, p˜) = δ(p2)δ(p3)δ(p˜0)δ(p˜1)a(p0, ωx, p˜2, p˜3), (58)
c(p0,p,−ω˜, p˜) = δ(p2)δ(p3)δ(p˜0)δ(p˜1)a(p0,−ωx, p˜2, p˜3), (59)
where ωx =
∣∣∣√(p0)2 + (p˜2)2 + (p˜3)2 + M˜2 ∣∣∣, Eq. (57) becomes the tachyonic field (15),
considered in Sec. 2.
Perhaps the fact that neither a bradyonic nor a tachyonic field can be freely localized
on a 7D hypersurface, but there are restrictions on how they can be localized, should not
be considered as problematic at all. In the literature it is often stated that the differen-
tial equations of physics are a powerful tool, but there is a problem, because we have no
equations for initial data. The latter data are arbitrary, but it would be desirable to have
a theory for initial data as well. We see that ultrahyperbolic equations, since they impose
certain restriction on initial data, could be considered as equations that (at least partially)
determine the initial data.
Under a SLT, the Klein-Gordon equation for a tachyonic field transforms into
(−∂′µ∂′µ + ∂˜′µ∂˜′µ − M˜2)φ˜′(x′µ, x˜′µ) = 0, (60)
which is the Klein-Gordon equation for a bradyonic field φ(x′µ, x˜′µ) = φ˜′(x′µ, x˜′µ).
A field that is observed as tachyonic in a reference frame S, is observed as bradyonic
in a superluminal reference frame S′. In a given reference frame S we have the bradyonic
fields φ(xµ, x˜µ), satisfying pµpµ − p˜µp˜µ > 0, and the tachyonic fields φ˜(xµx˜µ), satisfying
pµpµ − p˜µp˜µ < 0. In a superluminal frame S′, the type of those fields is interchanged.
We have a symmetry between bradyonic and tachyonic fields. None of those fields is
more consistent than the other. Both kinds of fields are described by the ultrahyperbolic
Klein-Gordon equation. We have reduced the problem of consistent propagating tachyonic
fields to the problem of whether the ultrahyperbolic wave equation can make sense in
physics. In addition, we have a problem of where do the extra dimensions x˜µ, µ = 0, 1, 2, 3,
come from and why do we not observe them. One possibility is just to suppose that our
spacetime has not four, but eight dimensions (or, equivalently, that it is complex), and that
the extra dimensions are not observed, because they are compactified. Another possibility
is to consider the Clifford space, a 16D manifold whose tangent space at any of its points
is the Clifford algebra of spacetime M1,3.
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4 Polyvector-valued coordinates and momenta
Geometric calculus based on Clifford algebra is a very successful mathematical tool for
description of physics [41, 42]. In addition, it enables formulation of a new theory [18]–[28]
in which the 4D spacetime is replaced by a more general, 16D space, called Clifford space,
C. This is a space whose elements are not only points, but also oriented lines, 2-areas,
3-volumes, and 4-volumes. Such generalization brings many new theoretical possibilities
that are being explored [18]–[28].
The squared interval between two points in Minkowski space M1,3 is given by the
quadratic form
Q = (xµ − xµ0 )ηµν(xν − xν0). (61)
If we take the square root, we obtain two possible results:
(i)
√
Q = ∆s , (62)
where ∆s is the scalar distance, and
(ii)
√
Q = ∆x = (xµ − xµ0 )γµ, (63)
where ∆x is the vector that joins the points xµ and xµ0 . Here the basis vectors γµ are
generators of the Clifford algebra, Cl(1, 3), satisfying
γµ · γν ≡ 1
2
(γµγν + γνγµ) = ηµν . (64)
The points of M1,3 can be described by vectors x = x
µγµ, originating from a chosen fixed
point, xµ0 = 0. The 4D space of vectors x
µγµ is a subspace of the 16D Clifford algebra
Cl(1, 3), whose elements are polyvectors
X = σ1+ xµγµ + x
µνγµ ∧ γν + x˜µγ5γµ + σ˜γ5 ≡ xMγM . (65)
Here, γ5 = γ0γ1γ2γ3, and ‘∧’ the wedge product, e.g., γµ ∧ γν = (1/2)(γµγν − γνγµ).
Polyvectors, or r-vectors, describe oriented r-volumes (called also r-areas), r = 0, 1, 2, 3, 4.
The idea is [23]–[25] that r-volumes are associated with extended events living in spacetime
M1,3. Thus, e.g., 2-volumes that are described by x
µνγµ∧γν are associated with the class of
those physical objects, whose representative is a closed instantonic string, or alternatively,
and open instantonic 2-brane, depending on whether the scalar σ is zero, or different from
zero. Namely, the scalar σ can be defined in terms of the length, area, 3-volume, and 4-
volume of, respectively, the open 1-brane, 2-brane, 3-brane and 4-brane. For instance, for
an open instantonic string (i.e., 1-brane), the scalar is defined as
σ1 =
A1
LP
=
1
LP
∫
dξ
(
∂Xµ
∂ξ
∂Xν
∂ξ
ηµν
)1/2
, (66)
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where A1 is the string length, and ξ an arbitrary real parameter denoting the points on the
string. In general, for an open instantonic rσ-brane, we have
σrσ =
Arσ
(LP )rσ
=
1
(LP )rσ
∫
dξ1dξ2...dξrσ
√
det
∂Xµ
∂ξa
∂Xν
∂ξb
ηµν , (67)
where Arσ is the rσ-dimensional area/volume of the brane, and ξa or ξb, a, b = 1, 2, ..., rσ ,
the parameters (coordinates) denoting the points of the brane. Here, LP is a fundamental
length, for instance the Planck length,
For a generic object, that is a conglomerate of instantonic rσ-branes, for various values
of rσ = 1, 2, 3, 4, the scalar is defined as the sum
σ =
4∑
rσ=1
Arσ
(LP )rσ
. (68)
The scalar σ thus determines to what extent the object, described by a polyvector (65),
and envisaged as a conglomerate of instantonic r-branes, r = 0, 1, 2, 3, 4, contains closed
(rσ−1)-branes and open rσ-branes, rσ = 1, 2, 3, 4. If σ = 0, then only closed (rσ−1)-branes
are present.
Our objects are instantonic r-branes, which mean that they are localized in spacetime.6
They are a generalization of the concept of an ‘event’ to which there corresponds a point
in spacetime. Instead of a point, we have now in general a set of r-volumes, xµ1...µr ,
r = 0, 1, 2, 3, 4, that describe an extended event in spacetime.7 The space of the extended
events is called Clifford space, C. It is manifold whose tangent space at any of its points is
a Clifford algebra Cl(1, 3). If C is a flat space, then it is isomorphic to the Clifford algebra
with elements X = xµ1...µrγµ1...µr ≡ xMγM (Eq. (65)).
Instead of the relativity in spacetime, we have now the relativity in Clifford space [18]-
[28]. The line element is
dS2 = dxMdxNGMN , (69)
where the metric is defined in terms of the scalar product between two basis elements:
GMN = γ
‡
M ∗ γN = 〈γ‡MγN 〉0. (70)
Here 〈 〉0 denotes the scalar part, and ‘ ‡ ’ reversion, so that γ‡M ≡ (γµ1γµ2 ...γµr )‡ =
γµrγµr−1...γµ2γµ1 . From the definition (70) we obtain the following explicit form for the
line element:
dS2 = dσ2 + (dx0)2 − (dx1)2 − (dx2)2 − (dx3)2 − (dx01)2 − (dx02)2 − (dx03)2
6The usual p-branes are localized in space, but they are infinitely extended into a time-like
direction; therefore, they are (p+ 1)-dimensional worldsheets in spacetime.
7Polyvector coordinates xµ1...µr describe a class of r-branes, all having the same xµ1...µr . See
Ref. [25, 27].
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+ (dx12)2 + (dx13)2 + (dx23)2 − (dx˜0)2 + (dx˜1)2 + (dx˜2)2 + (dx˜3)2 − dσ˜2. (71)
We see that the signature is (8, 8).
Coordinates xM denote a point in Clifford space, C. A point in C is associated with
an event in C, which in turn corresponds to an extended event in spacetime M1,3. Let us
now consider a family of events, described by a worldline xM = XM (ζ) in C, where ζ is
an arbitrary monotonically increasing parameter along the worldline. We assume that such
a wordline, if associated with a physical object living in C, satisfies the “minimal” length
action
I[XM ] =M
∫
dζ(X˙M X˙NGMN )
1/2, (72)
where X˙M ≡ dXM/dζ. This is an action for a point particle in C. In spacetime M1,3, such
particle is extended and traces a “thick” worldline.
The action (72) is invariant under reparametrizations of ζ. As a consequence, the
canonical momenta PM = ∂L/∂X˙
M =MX˙M/(X˙N X˙N )
1/2 satisfy the constraint
GMNPMPN −M2 = 0. (73)
4.1 Generalized Klein-Gordon equation
Upon quantization, the constraint (73) becomes the ultrahyperbolic Klein-Gordon equation
(
GMN∂M∂N +M
2
)
φ(xM ) = 0, (74)
or explicitly,(
∂2
∂σ2
+ ∂µ∂µ − ∂˜µ∂˜µ + ∂µν∂µν − ∂
2
∂σ˜2
+M2
)
φ(σ, xµ, xµν , x˜µ, σ˜) = 0, (75)
which is of the same form as Eq. (38), except that now the space is 16-dimensional, with
signature (8, 8). The coordinates are xM = (σ, xµ, xµν , x˜µ, σ˜), and the metric is GMN , given
by Eq. (71).
If we introduce the new coordinates
τ =
1√
2
(σ˜ − σ) , λ = 1√
2
(σ˜ + σ) , (76)
the Klein-Gordon equation becomes(
−2 ∂
2
∂τ∂λ
+ ∂µ∂µ − ∂˜µ∂˜µ + ∂µν∂µν +M2
)
ψ(τ, λ, xµ, x˜µ, xµν) = 0. (77)
We will write this compactly as
(−2∂τ∂λ +Gµ¯ν¯∂µ¯∂ν¯ +M2)ψ(τ, λ, xµ¯) = 0, (78)
where xµ¯ = (xµ, x˜µ, xµν), and Gµ¯ν¯ the metric with signature (7, 7).
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A general solution of Eq. (78) is
ψ =
∫
dpτ dpλd
14p¯ c(pτ , pλ, pµ¯) e
i(pτ τ+pλλ+pµ¯x
µ¯)δ(2pτpλ −Gµ¯ν¯pµ¯pν¯ +M2). (79)
Performing the integration over pτ , we have
ψ =
∫
dpλ d
14p¯ a(ω, pλ, pµ¯) e
iωτ eipµ¯x
µ¯
eipλλ, (80)
where
ω =
1
2pλ
(
Gµ¯ν¯pµ¯pν¯ −M2
)
. (81)
and
a(ω, pλ, pµ¯) ≡ 1
2pλ
c(ω, pλ, pµ¯). (82)
All values of pλ, pµ¯ between −∞ and +∞ are allowed. The initial data, given at τ = 0, are
ψ(τ = 0, λ, xµ¯) =
∫
dpλ d
14p¯ a(ω, pλ, pµ¯) e
ipµ¯xµ¯ eipλλ, (83)
ψ˙(τ = 0, λ, xµ¯) =
∫
dpλ d
14p¯ iω a(ω, pλ, pµ¯) e
ipµ¯xµ¯ eipλλ. (84)
The latter equations tell us that ψ(τ = 0, λ, xµ¯) and ψ˙(τ = 0, λ, xµ¯) are expanded in terms
of the complete set of functions exp[i(pλλ+pµ¯x
µ¯)], and that there is no restriction on initial
data, except that ψ must be normalizable according to
∫
dλd14x¯ |ψ|2 = 1. By the Fourier
transform, the expansion coefficients a(ω, pλ, pµ¯) can be expressed in terms of the initial
data. As a consequence, ψ(τ, λ, xµ¯) is uniquely determined at any τ > 0. The Cauchy
problem is thus well defined8.
If we take
a(ω, pλ, pµ¯) = δ(pλ − Λ)A(pµ¯), (85)
then
ψ(τ, λ, xµ¯) =
∫
d14p¯ A(pµ¯)e
iωτ eipµ¯x
µ¯
eiΛλ ≡ ϕ(τ, xµ¯)eiΛλ, (86)
where
ω =
1
2Λ
(
Gµ¯ν¯pµ¯pν¯ −M2
)
. (87)
This is a solution of Eq. (78) with the definite value pλ = Λ, of the momentum operator
pˆλ = −i∂λ. By plugging Eq. (86) into Eq. (78), we obtain the wave equation for ϕ(τ, xµ¯):
i
∂ϕ(τ, xµ¯)
∂τ
=
1
2Λ
(Gµ¯ν¯∂µ¯∂ν¯ +M
2)ϕ(τ, xµ¯). (88)
8 That the Cauchy problem for an ultrahyperbolic partial differential equation is well defined for
initial data, taken at a light-like hypersurface, is a known result [17].
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This is the generalized9 Stueckleberg equation for the wave function ϕ(τ, xµ¯). It is like
the Schro¨dinger equation, the evolution parameter being τ , and the wave function being
normalized according to
∫
d14x¯ |ϕ(τ, xµ¯)|2 = 1.
From the wave equation (88) and its solution (86) we see thatM2 gives a constant phase
factor exp[−i(1/2Λ)M2τ ], and has no other role. It makes not much difference if M2 > 0
or M2 < 0. The solution of Eq. (88) is thus not sensitive on whether the field is bradyonic
or tachonic in the 16D space C.
On the other hand, it is well-known that the Stueckelberg [43, 44] theory admits su-
perluminal motion in 4D spacetime M1,3. All 14 momenta pµ¯ = (pµ, p˜µ¯, pµν) occurring in
the solution (86) are independent, and their quadratic form Gµ¯ν¯pµ¯pν¯ ≡ p¯2 can be either
positive or negative. The same is true for the quadratic form of the spacetime momenta,
ηµνpµpν ≡ p2. It can be p2 > 0, in which case the field behaves as subluminal in M1,3. But
it also can be p2 < 0, and then the field is tachyonic in M1,3. In the presence of suitable
interactions10, there can be smooth transition from the subluminal to the superluminal
case.
4.2 Generalized Dirac equation
In Refs. [21, 22] the following generalization of the Dirac equation for a polyvector valued
wave funtion was proposed:
γM∂MΦ = 0, (89)
where Φ = φAγA = φ
A˜ξA˜ is expanded in terms of the Clifford algebra basis, γA = (1, γa, γa∧
γb, ...), or in terms pf the generalized spinor basis ξA˜ ≡ ξαi. Here α = 1, 2, 3, 4 is the spinor
index, and i = 1, 2, 3, 4 the index denoting four minimal left ideals of Cl(1, 3), a tangent
space of the Clifford space, C. The components φA˜ = φA˜(xM ) are complex valued fields on
C.
Explicitly, Eq. (89) reads(
∂
∂σ
+ γµ∂µ + γ
µγν∂µν + γ
5γµ∂˜µ + γ
5 ∂
∂σ˜
)
Φ = 0. (90)
Let us now consider two possible kinds of solutions, each satisfying a different Ansatz.
Ansatz I
Φ = eimσeim˜σ˜Ψ(xµ, xµν , x˜µ) (91)
∂Φ
∂σ
= imΦ ,
∂Φ
∂σ˜
= im˜Φ (92)
9The usual Stueckelberg equation[43, 44] involves 4 spacetime coordinates xµ, µ = 0, 1, 2, 3,
whereas the generalized equation (88) involves 14 coordinates xµ¯ = (xµ, x˜µ, xµν).
10An example of an interaction that can accelerate a classical Stueckelberg point particle from
subluminal to superluminal speeds is considered in Ref.[28]. See also Refs. [43, 44].
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Then Eq. (90) becomes(
γµ∂µ + γ
µγν∂µν + γ
5γµ∂˜µ + im+ im˜γ
5
)
Ψ = 0. (93)
Ansatz II
Φ = e−mσe−m˜σ˜Ψ(xµ, xµν , x˜µ) (94)
∂Φ
∂σ
= −mΦ , ∂Φ
∂σ˜
= −m˜Φ (95)
Then Eq. (90) becomes(
γµ∂µ + γ
µγν∂µν + γ
5γµ∂˜µ −m− m˜γ5
)
Ψ = 0. (96)
A special case of the latter equation is
(γµ∂µ − m˜γ5)Ψ, (97)
which holds when Ψ does not depend on xµν , x˜µ, and σ. Multiplying (97) from the left by
γ5, we obtain
(γ5γµ∂µ + m˜)Ψ = 0. (98)
Further we have
((γ5γµ)‡∂µ + m˜)(γ
5γµ∂µ + m˜)Ψ = (−ηµν∂µ∂ν + m˜2)Ψ = 0. (99)
This is the “tachyonic” Klein-Gordon equation11, satisfying the 4-momentum constraint
pµpµ = −m˜2. The same constraint holds for Eq. (98), which is therefore the “tachyonic”
Dirac equation. Such equation12 was proposed by Chodos et al. [29]. It is a special case
of the generalized Dirac equation (89). Solutions of Eq. (98) and their localizability were
investigated in Ref. [45]. A different approach to a tachyonic Dirac equation is considered
in Ref. [46]. The imaginary mass Dirac equation and its quantization has been investigated
by Jentschura [47] who found that right handed states acquire a negative Fock-space norm,
which could explain the absence of right-handed neutrinos.
If we start from the original equation (89), multiply it by γM
‡
and take the scalar part,
we have
〈γM ‡γN 〉0 ∂M∂NΦ = 0 , i.e., GMN∂M∂NΦ = 0, (100)
or explicitly, (
∂2
∂σ2
+ ηµν∂µ∂ν + ∂
µν∂µν − ηµν ∂˜µ∂˜ν − ∂
2
∂σ˜2
)
Φ = 0, (101)
11 As discussed in Sec. 2, this is not the true tachyonic Klein-Gordon equation, because it cannot
be obtained from a bradyonic equation by a SLT. It is a part of the complete equation (103), which
is either tachyonic or bradyonic, depending on the sign of m2 − m˜2.
12 We use here the definition γ5 = γ0γ1γ2γ3, satisfying (γ5)2 = −1, (γ5)‡ = γ5, that is customary
in the literature on Clifford algebras. Chodos et al. [29] use the definition γ5 = iγ0γ1γ2γ3, satisfying
(γ5)2 = 1, (γ5)‡ = −γ5, i‡ = −1.
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which is Eq. (75) for M = 0.
Eq. (101), in the case of Ansatz I becomes(
∂µ∂ν + ∂
µν∂µν − ∂˜µ∂˜ν −m2 + m˜2
)
Ψ = 0, (102)
and in the case of Ansatz II, it becomes(
∂µ∂ν + ∂
µν∂µν − ∂˜µ∂˜ν +m2 − m˜2
)
Ψ = 0, (103)
Both equations, (102),(103), are either bradyonic or tachyonic, depending on the sign of
m2 − m˜2.
Besides Ansatz I and Ansatz II, we can also consider
Ansatz III
Φ = e−mσeim˜σ˜Ψ(xµ, xµν , x˜µ), (104)
with (
γµ∂µ + γ
µγν∂µν + γ
5γµ∂˜µ −m+ im˜γ5
)
Ψ = 0, (105)(
∂µ∂ν + ∂
µν∂µν − ∂˜µ∂˜µ +m2 + m˜2
)
Ψ = 0, (106)
and
Ansatz IV
Φ = eimσe−m˜σ˜Ψ(xµ, xµν , x˜µ), (107)
with (
γµ∂µ + γ
µγν∂µν + γ
5γµ∂˜µ + im− m˜γ5
)
Ψ = 0. (108)(
∂µ∂ν + ∂
µν∂µν − ∂˜µ∂˜µ −m2 − m˜2
)
Ψ = 0, (109)
For real m, m˜, Eqs. (105),(106) are bradyonic, whereas Eqs. (108),(109) are tachyonic.
If ∂µνΨ = 0, ∂˜µΨ = 0, then Eqs. (105), (108) become(
γµ∂µ −m+ im˜γ5
)
Ψ = 0, (110)
(
γµ∂µ + im− m˜γ5
)
Ψ = 0, (111)
Equations of the latter kind were considered in Refs. [30].
Usage of the solutions with Exp[−mσ] and Exp[−m˜σ˜] makes sense only, if the boundary
conditions in the space (σ, σ˜) are such that they prevent the escape of functions into infinity.
Our choice of basis,
γM = (1, γµ, γµ ∧ γµ, γ5γµ, γ5) (112)
leads to Eqs. (93),(96),(105),(108), corresponding to the choices Eqs. (91),(94)(104),(107),
respectively. We have seen that Eqs. (96) and (108) contain the so called “tachyonic”
equation (97) of Chodos et al. [29].
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Eqs. (96) and (105) contain, as a special case, the following equation:
(γµ∂µ −m)Ψ = 0, (113)
which, when squared according to (100), gives the bradyonic Klein-Gordon equation. But
Eq. (113) is not quite the usual Dirac equation, because an i is missing. It is straightforward
to verify that an alternative choice of basis, namely
γM = (−i, γµ, γµ ∧ γµ, γ5γµ, γ5), (114)
gives the ordinary Dirac equation,
(iγµ∂µ −m)Ψ = 0, (115)
which when squared according to (100), and taking into account i‡ = −i, also gives the
bradyonic Klein-Gordon equation.
With the basis (114), instead of Eqs. (110),(111), we have
(
γµ∂µ + im+ im˜γ
5
)
Ψ = 0, (116)
(
γµ∂µ +m− m˜γ5
)
Ψ = 0, (117)
which, when multiplied by i, are the generalized bradyonic and tachyonic Dirac equations
studied in Ref. [30].
To avoid problems with localizability of the field Ψ, let us again consider the light cone
like coordinates (76). In such coordinates the generalized Dirac equation (90) reads
− 1√
2
(1− γ5)∂τΨ+ 1√
2
(1 + γ5)∂λΨ+ γ
µ¯∂µ¯Ψ = 0. (118)
Using
1√
2
(1 + γ5)
1√
2
(1− γ5) = 1, (119)
1√
2
(1 + γ5)
1√
2
(1 + γ5) = γ5, (120)
Eq. (118) can be rewritten in the form
− ∂τΨ+ γ5∂λΨ+ 1√
2
(1 + γ5)γµ¯∂µ¯Ψ = 0. (121)
Eqs. (118),(121) satisfy the equation
(−2∂τ∂λ + ∂µ¯∂µ¯)Ψ = 0, (122)
which is Eq. (78) with M = 0.
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If Ψ is an eigenstate of the operator −i∂λ, so that −i∂λΨ = ΛΨ, then Eq. (121) becomes(
−∂τ + iΛγ5 + 1√
2
(1 + γ5)γµ¯∂µ¯
)
Ψ = 0. (123)
Here τ is the Stueckelberg evolution parameter. In principle, solutions of Eq. (123) should
be found in analogous way as solutions of Eq. (78), by taking into account the dispersion
relation −2pτpλ+pµ¯pµ¯ = 0 that comes from Eq. (122). However, a difference is that now Ψ
is a generalized spinor field. It is localized on a 15-dimensional hypersurface τ = constant,
spanned by coordinates λ, xµ¯, where xµ¯ = (xµ, x˜µ, xµν).
If Ψ is also an eigenstate of −i∂τ , so that −i∂τΨ = KΨ, then we obtain the equation(
−iK + iΛγ5 + 1√
2
(1 + γ5)γµ¯∂µ¯
)
Ψ = 0, (124)
or, equivalently (c.f., Eq. (118)),(
− 1√
2
(1− γ5)iK + 1√
2
(1 + γ5)iΛ + γµ¯∂µ¯
)
Ψ = 0. (125)
If in the latter equation we rearrange the terms and set m = (1/
√
2)(Λ − K), m˜ =
(1/
√
2)(Λ +K), then we obtain Eq. (93), which confirms the consistency of the procedure.
If the eigenvalues K and Λ are real or imaginary, then we reproduce Eqs. (96),(105) and
(108). Special cases of the last two equations are (110),(111), that in terms of the alterna-
tive Clifford algebra basis (114), can be written in the form (116),(117). Solutions of the
latter equations and their physical implications have been considered by Jentschura and
Wundt [30].
5 Discussion
We have reduced the problem of consistent propagating tachyonic field to the problem of
whether the Stueckelberg field makes sense in physics. We assumed that physics has to
be formulated in the 16D Clifford space C, a manifold whose tangent space at any point
is Clifford algebra. Since the signature of C is (8, 8), we arrived upon quantization at the
ultrahyperbolic Klein-Gordon or Dirac equation. The Cauchy problem for such equation is
not well posed, unless we take initial data on a light-like hypersurface. Then, after using
the light cone coordinates, such that the evolution parameter τ is a superposition of the
scalar and pseudoscalar coordinate, the Klein-Gordon and the Dirac equation become the
corresponding generalized Stueckelberg equations. A different choice of light cone coordi-
nates, involving the time-like coordinate x0, although mathematically admissible, would
be physically problematic, because we do not live on a light cone of M1,3. A virtue of
the Clifford space is that it contains extra time-like and space-like dimensions, besides the
ordinary xµ, µ = 0, 1, 2, 3. Therefore, in C there exist light-like hypersurfaces that do not
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involve xµ, and one can pose the initial value problem on one of such hypersurfaces. How-
ever, the evolution parameter is then not x0, but some other parameter associated with
a family of hypersurfaces. In our case, such a parameter is τ , the light cone coordinate
(76). According to this theory, we live on a light-like hypersurface in Clifford space, and
experience an evolution whose parameter is τ . The coordinate x0 has now the same status
as the spatial coordinates xi, i = 1, 2, 3. The xi of a physical object change with evolution,
and so does x0. The wave packet can now be localized not only around xi, but also around
x0, i.e., around a point (“event”) P in M1,3. And with increasing τ , the point P(τ) moves
in M1,3. Since the latter space is a subspace of the 16D Clifford space C, we have in fact a
wave packet localized around a point E , determined by the coordinates xµ¯ = (xµ, x˜µ, xµν)
of the 14D space M7,7 ⊂ C. With increasing τ , the point E(τ) moves in M7,7. The fact
that we, observers, do not experience all of the spacetime M1,3 or all of M7,7 at once, is due
to the localization of the wave packet. A further discussion of this topics can be found in
Refs. [48, 28]. How it works for strings and branes, is discussed in [25]–[28]. The existing
literature [28, 43, 44] shows that the Stueckelberg theory is a consistent physical theory,
and that the quantization of the Stueckelberg field is not problematic at all.
Since the Stueckelberg theory admits tachyons, a question arises as to whether it is
not in conflict with causality. Because tachyons in some reference frames are observed to
move forward, and in some other frames to move backwards in the time coordinate x0,
the arrangements with tachyon emitters and absorbers are possible, such that they lead to
causal loops inM1,3. Since the latter space is a subspace of C, in most cases those loops will
be merely projections of the lines in C onto M1,3, and hence not true loops in M1,3. The
τ and other coordinates of C could be different, even if xµ coincided. Hence, there would
be no paradox, because no “change of history” would be possible in such a case. Thus,
the problem would only be with the true loops in C, if they can occur. Then, one should
take into account that what propagates, are not classical, sharply localized particles, but
wave packets that always have a certain width. When such a wave packet of a causal loop
arrives at the critical point in the past, a superposition of several possible histories would
take place. There would be no causal paradox, but only a ‘paradox’ of several co-existing
histories [28, 49, 50], which—according to the Everett many worlds interpretation [51, 52]
of quantum mechanics—is not a paradox at all. In fact, the existence of causal loops,
if experimentally established, would confirm the validity of the Everett interpretation of
quantum mechanics, and disprove the other interpretations.
The same form of an ultrahyperbolic equation in 16D Clifford space, C, holds for
bradyons and tachyons. In order to experience a consistent evolution of localized fields, an
observer must live on a suitable light-like hypersurface. All events on such hypersurface have
the same value of the evolution parameter τ . As the τ changes, so does the hypersurface. In
other words, an observer is associated with a 1-parameter family of light-like hypersurfaces
in C, distinguished by values of τ . The families of hypersurfaces in C that are not light-like
cannot be associated with observers, because the Cauchy problem for such hypersurfaces
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is not well posed. An alternative possibility is that some observers are associated with
space-like or time-like 4-surfaces on which the initial data for the Klein-Gordon field φ can
be arbitrarily specified. Now the initial data for the bradyonic field, given on a space-like
4-surface, include not only the derivative of φ with respect to one, but with respect to
four time-like coordinates. For the tachyonic field, the initial data are given on a time-like
4-surface, and include the derivatives of the field with respect to four space-like coordinates.
Knowing such initial data, an observer can determine, although not uniquely, the behavior
of the field outside the 4-surface. In our opinion, such indeterminism at the level of first
quantized fields, should not be considered as problematic, because in a more complete,
second quantized theory, fields are not well determined anyway.
The observed four-dimensionality of our spacetime implies that in any higher-
dimensional theory the extra dimensions must be either compactified or the observed mat-
ter must be localized on a four-dimensional surface in the higher-dimensional space. In the
known examples where such compactification/localization occurs it requires highly non-
trivial dynamical mechanisms that have been extensively studied in the literature. Any
dynamical resolution of this issue must clearly lead to an effectively four-dimensional the-
ory. That, according to the above, cannot be invariant under the superluminal boosts. In
other words, any compactification/localizaton mechanism will break the invariance under
the superluminal Lorentz transformations, rendering such transformations irrelevant in four
dimensions. Such a reasoning would hold, if there would be only one four-dimensional sur-
face, M1,3, with observers observing the localized matter on M1,3. However, the effective
four-dimensional theory can be either in the spacetime M1,3 of an observer O, or in an-
other spacetime M˜1,3 of an observer O˜. The two spacetimes, M1,3 and M˜1,3, are subspaces
of the higher-dimensional spacetime that we started from, and can be transformed into
each other by a superluminal boost in that higher-dimensional space. If for the higher-
dimensional space we take M4,4 of Sec. 4, with coordinates (x
µ, x˜µ), µ = 0, 1, 2, 3, then the
subspace M1,3 has coordinates x
µ = (x0, x1, x2, x3), whereas the subspace M˜1,3 has coor-
dinates x0, x1, x˜2, x˜3. Relative to O, the observer O˜ is tachyonic, and vice versa. Hence,
bradyonic and tachyonic observers do not live in the same effective four-dimensional space-
time. The intersection of their respective spacetime is the two-dimensional spacetime, M1,1,
with coordinates x0, x1.
There is also a possibility that does not require a compactification of extra dimensions,
or a localization of the observed matter. In the setup considered in Sec. 4, we have a very
special higher-dimensional space, namely the Clifford space, C. All the dimensions of C
are assumed to be observable even at the macroscopic scale, because those dimensions
are associated with the position, size and orientation of the object. Therefore, the extra
dimensions of C can be large, and need not be compactified at sufficiently small scales,
and be thus unobservable at macroscopic scales. If C is curved, then we have the gravity
in C. In order to reproduce, a` la Kaluza-Klein, the usual, 4D gravity in M1,3 and the
Yang-Mills interactions, there must be suitable isometries in C, given in terms of a set of
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Killing vector fields. We expect that such isometries arise dynamically in the presence of
suitable extended sources, e.g., the branes in C [27]. How precisely this works, remains to
be investigated. The presence of isometries does not render the extra dimensions of C, i.e.,
the object’s size and orientation, unobservable, it only makes the theory to be in agreement
with the fact that effectively we have 4D gravity and Yang-Mills interactions.
6 Conclusion
We have shown that tachyons are not in conflict with special relativity and field theory,
if those theories are properly extended. It is well-known that special relativity can be
extended to encompass not only the subluminal, but also the superluminal reference frames,
and the transformations relating those frames. Then it turns out that spacetime must
be a complex 4-dimensional space, or a real 8-dimensional space with neutral signature
(4, 4). The Klein-Gordon or the Dirac equation in such space is ultrahyperbolic, and thus
problematic, regardless of whether the field is bradyonic or tachyonic. We have shown that
the problem can be resolved if we take the Cauchy data not on a 7-dimensional hypersurface,
but on a 4-dimensional surface that is space like for bradyonic and time like for tachyonic
fields. The Klein-Gordon or the Dirac equation also is not problematic in the 16-dimensional
Clifford space, C, where it can be written in the form of the corresponding generalized
Stueckelberg like equation which describes localized propagating bradyonic and tachyonic
fields.
Because bradyons in vacuum do not emit Cˇerenkov radiation, also tachyons of the ex-
tended relativity do not emit Cˇerenkov radiation in vacuum [7, 8]. This is a consequence
of the postulated symmetry between bradyons and tachyons. The expectation that such
radiation should accompany superluminal particles, is based on different theoretical as-
sumptions. Thus, according to the theory considered in this paper, no Cˇerenkov radiation
in the form of electron-positron pairs is emitted by superluminal neutrinos.
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